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Compact Group Actions on Topological and Noncommutative Joins
Alexandru Chirvasitu∗, Benjamin Passer†
Abstract
We consider the Type 1 and Type 2 noncommutative Borsuk-Ulam conjectures of Baum,
D
‘
abrowski, and Hajac: there are no equivariant morphisms A → A ⊛δ H or H → A ⊛δ H ,
respectively, when H is a nontrivial compact quantum group acting freely on a unital C∗-
algebra A. Here A ⊛δ H denotes the equivariant noncommutative join of A and H ; this join
procedure is a modification of the topological join that allows a free action of H on A to produce
a free action of H on A⊛δ H . For the classical case H = C(G), G a compact group, we present
a reduction of the Type 1 conjecture and counterexamples to the Type 2 conjecture. We also
present some examples and conditions under which the Type 2 conjecture does hold.
Key words: join, compact group, Borsuk-Ulam theorem, compact quantum group, noncommutative
topology
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1 Introduction
The join of two topological spaces X and Y is a quotient X ∗ Y = X × Y × [0, 1]/ ∼, where the
equivalence relation makes identifications at the endpoints of [0, 1]. Namely, if x0 ∈ X is fixed, then
all points (x0, y, 1) are identified, and if y0 ∈ Y is fixed, all points (x, y0, 0) are identified. In [3],
the authors conjecture that the topological join, and a C∗-algebraic variant thereof, may be used
to greatly generalize the Borsuk-Ulam theorem. Their topological conjecture is as follows.
Conjecture 1.1 Suppose G is a nontrivial compact group acting freely and continuously on a
compact Hausdorff space X. Then there is no equivariant, continuous map from X ∗G to X, where
X ∗G is equipped with the diagonal action [(x, g, t)] · h = [(x · h, gh, t)].
The conjecture generalizes the Borsuk-Ulam theorem in that if G = Z/2, X = Sk, and the
group action is given by the antipodal map x 7→ −x, then the conjecture reads as the Borsuk-Ulam
theorem itself: there is no odd function from Sk+1 to Sk. Of particular interest is the fact that the
sphere Sk is an iterated join of k+1 copies of Z/2, and the antipodal action is compatible with this
join process. As remarked in [3], Conjecture 1.1 holds when X = G ∗G due to non-contractibility
of G. Further, [20, Corollary 3.1] shows that Conjecture 1.1 holds when G has a nontrivial torsion
element (see also [16, Proposition 4.1] for a description of this proof).
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If A and B are unital C∗-algebras, the “classical” noncommutative join
A⊛B = {f ∈ C([0, 1], A ⊗B) | f(0) ∈ C⊗B, f(1) ∈ C⊗A} (1)
of [7] and [4] directly generalizes the join X ∗Y of compact Hausdorff spaces. Here we have used ⊗
to refer to the minimal tensor product, as we do in the rest of the manuscript. However, if (H,∆)
is a compact quantum group with a free coaction δ : A→ A⊗H, questions about this coaction are
more suited to the equivariant join
A⊛δ H = {f ∈ C([0, 1], A ⊗H) | f(0) ∈ C⊗H, f(1) ∈ δ(A)}, (2)
which admits a free coaction δ∆ generated by id⊗∆ : C([0, 1], A) ⊗H → C([0, 1], A) ⊗H ⊗H (see
[3, Theorem 1.5]). Conjecture 2.3 of [3], which we repeat here, generalizes Conjecture 1.1 to the
quantum setting.
Conjecture 1.2 Suppose A is a unital C∗-algebra with a free coaction of a nontrivial compact
quantum group (H,∆).
Type 1. There does not exist a (δ, δ∆)-equivariant ∗-homomorphism A→ A⊛δ H.
Type 2. There does not exist a (∆, δ∆)-equivariant ∗-homomorphism H → A⊛δ H.
Note that a coaction δ : A → A ⊗H of (H,∆) is free when it satisfies the following condition
from [10], which is written succinctly as [3, (1.10)]:{∑
finite
(ai ⊗ 1)δ(bi) : ai, bi ∈ A
}
= A⊗H. (3)
Further, if A and B are C∗-algebras with coactions δA, δB of (H,∆), then a morphism φ : A→ B
is equivariant if
A
B
B ⊗H
A⊗H
φ
δA
δB
φ⊗id
(4)
commutes.
As a consequence of [17, Corollary 2.4], Conjecture 1.2 Type 1 holds when H = C(G) for G a
compact group with a nontrivial torsion element. Specifically, [17, Corollary 2.4] is a reduction to
the topological case in [20], and some alternative (but still very much related) proof strategies are
described in the remainder of [17]. No counterexamples to Type 1 in its full generality are known,
but in Section 2, we show that Type 2 counterexamples exist for the “quantum” group C(S1) acting
on certain noncommutative C∗-algebras, which can even be separable and nuclear. On the other
hand, there are also some restrictive conditions, applicable in both the classical group and quantum
group settings, under which the Type 2 conjecture holds. In Section 3, we deal exclusively with
the classical case H = C(G) and present a reduction of the Type 1 conjecture in this setting. We
also consider related questions regarding eigenfunctions in C(Z∗np ), including the limit as n → ∞,
based upon questions in [17] that attempt to use eigenfunctions to generalize a strategy in [20].
2 Type 2: Counterexamples and Special Cases
In this section, we address Conjecture 1.2 Type 2. For a coaction δ : A → A ⊗ H and a simple
(hence finite-dimensional) H-comodule ρ : V → V ⊗H, we let Aρ denote the ρ-isotypic subspace
of A:
Aρ = sum of the images of all H-equivariant maps V → A.
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The sum of all Aρ (as ρ ranges over all simple H-comodules) is a dense ∗-subalgebra of A, referred
to in [3, §1.2] as the Peter-Weyl subalgebra PH(A) of A. It can be recast, as in [3], as the preimage
through ρ of A⊗alg O(H), where the latter symbol denotes the unique dense Hopf ∗-subalgebra of
H. Note that we have
O(H) =
⊕
ρ
Hρ,
where H coacts on itself on the right via the comultiplication ∆ : H → H ⊗ H. Equivalent
formulations of freeness were studied by the authors of [4]; below we present a special case of their
results, with a proof for completeness.
Proposition 2.1 (special case of [4, Theorem 0.4]) A coaction δ : A→ A⊗H is free if and only
if it is saturated, i.e. for every simple H-comodule ρ, the unit 1 ∈ A belongs to A∗ρAρ.
Proof (⇒) As in [4, Definition 0.1], freeness means that the linear span of elements of the form
(x⊗ 1)δ(y), x, y ∈ A
is dense in A⊗H. It suffices to let x, y range over the dense subalgebra PH(A) =
⊕
ρAρ instead,
and since we have δ(PH (A)) ⊂
⊕
ρAρ ⊗Hρ, it follows that the linear span∑
η,ρ
A∗ηAρ ⊗Hρ (5)
is dense in A⊗H.
Since the subspaces Hρ and Hρ′ of H are orthogonal with respect to the Haar state h : H → C
when ρ 6= ρ′, any element in A⊗Hρ can be approximated arbitrarily well by elements in∑
η
A∗ηAρ ⊗Hρ
alone (i.e., in (5) we fix ρ and allow only η to vary). In particular, 1 ∈ A is in the closure of∑
η A
∗
ηAρ. The conclusion now follows from the fact that for η 6= ρ, the product A
∗
ηAρ is contained
in the sum of all Aµ, µ 6= 1 (the trivial H-comodule), whereas 1 is in the H-fixed subspace
A1 = {a ∈ A | δ(a) = a⊗ 1}.
(⇐) Suppose that for every simple H-comodule ρ, the unit 1 ∈ A belongs to A∗ρAρ. This
implies that for every ρ, 1⊗Hρ is in the closure of A
∗
ρAρ⊗Hρ, and hence A⊗Hρ is in the closure of
AAρ ⊗Hρ. The conclusion that the action is free then follows from the observation that for every
simple H-comodule ρ, Aρ ⊗Hρ is contained in δ(Aρ) ⊂ δ(A). 
When (H,∆) is the Hopf C∗-algebra C(G) of a compact group G with comultiplication dual
to the multiplication of G, see also [18, Definition 5.2, Theorem 5.10]. We will henceforth focus
almost exclusively on the case H = C(G), where equivariance in the sense of (4) is equivalent to
the usual G-equivariance of morphisms. Further, in this setting it is known from [3] that there is
no distinction between the classical join A ⊛ C(G) and the equivariant join A ⊛δ C(G). Indeed,
applying the map
A⊗ C(G) A⊗ C(G) ⊗ C(G) A⊗ C(G)
δ⊗idC(G) idA⊗mult (6)
pointwise on C([0, 1], A ⊗ C(G)) identifies the subspace A ⊛ C(G) with the subspace A ⊛δ C(G),
intertwining the diagonal G-action on the left hand side and the right-tensorand regular action on
the right hand side.
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When a compact group G acts freely on a compact Hausdorff space X, any orbit of X gives an
equivariant embedding G →֒ X. However, there is no analogous phenomenon in the C∗-algebraic
setting: a simple C∗-algebra A may have a free C(G)-coaction even though A can have no quotient
isomorphic to C(G). The embedding G →֒ X is exactly why Conjecture 1.1 was not split into two
types, and we will exploit this difference to produce counterexamples to Conjecture 1.2 Type 2.
First, note that when H = C(G) is classical, the conjecture may be rephrased in a way that avoids
the join entirely.
Lemma 2.2 Let G be a compact group acting on a unital C∗-algebra A. There is an equivariant
unital ∗-homomorphism C(G)→ A⊛ C(G) ∼= A⊛δ C(G) if and only if both conditions hold:
• there is a G-equivariant unital ∗-homomorphism ϕ : C(G)→ A, and
• ϕ1 = ϕ can be connected to a one-dimensional representation ϕ0 : C(G) → C ⊂ A through a
path ϕt, t ∈ [0, 1] in Hom(C(G), A).
Further, the first condition guarantees that the associated coaction δ : A→ A⊗ C(G) is free.
Proof If there is an equivariant map ψ : C(G) → A ⊛ C(G), then evaluation at any t ∈ [0, 1]
produces equivariant maps ψt : C(G)→ A⊗C(G) ∼= C(G,A). From the boundary conditions of the
(classical) join, ψ1 maps to constant A-valued functions, and ψ0 maps to C(G). The equivariant map
ϕ = eve◦ψ1 is then connected within Hom(C(G), A) via eve◦ψt to a one-dimensional representation,
eve ◦ ψ0.
If instead we assume that the conditions hold, we consider the two conclusions separately.
1: Freeness. The comultiplication ∆ on C(G) defines a free coaction of C(G) on itself, as the
closure of finite sums in (3) is actually a closed ∗-subalgebra of C(G)⊗ C(G) ∼= C(G×G) on which
the Stone-Weierstrass theorem applies (see [4]). Moreover, we have a unital ∗-homomorphism φ :
C(G)→ A that is G-equivariant, so it satisfies the coaction equivariance identity (φ⊗ id)◦∆ = δ◦φ.
Fix ε > 0, a ∈ A \ {0}, f ∈ C(G), and finitely many elements hi, ki ∈ C(G), 1 ≤ i ≤ m, so that∣∣∣∣∣
∣∣∣∣∣
m∑
i=1
(hi ⊗ 1)∆(ki)− 1⊗ f
∣∣∣∣∣
∣∣∣∣∣ < ε||a||
by freeness of the comultiplication ∆. Applying φ⊗ id and then left multiplying by a⊗ 1 yields∣∣∣∣∣
∣∣∣∣∣
m∑
i=1
(φ(hi)⊗ 1)δ(φ(ki))− 1⊗ f
∣∣∣∣∣
∣∣∣∣∣ < ε||a|| =⇒
∣∣∣∣∣
∣∣∣∣∣
m∑
i=1
(aφ(hi)⊗ 1)δ(φ(ki))− a⊗ f
∣∣∣∣∣
∣∣∣∣∣ < ε,
so the closure in (3) includes any a⊗ f . The closed span of such elements is then all of A⊗ C(G).
2: Existence of map into the join. Recasting the join in an equivalent form
A⊛ C(G) ∼= {f ∈ C([0, 1]×G,A) | f |{0}×G takes values in C ⊆ A, f |{1}×G is constant on G}, (7)
we can define ψ : C(G)→ A⊛ C(G) so that it sends f ∈ C(G) to the function
ψ(f) : [0, 1] ×G→ A, ψ(f)(t, g) = g−1 ⊲ ϕt(f(•g)),
where f(•g) is the function x 7→ f(xg) and ⊲ denotes the group action. It is now immediate to
check that
4
• ψ(f)|{0}×G is in C(G) ⊂ A⊗C(G), as ϕ0 was assumed to be a one-dimensional representation;
• ψ(f)|{1}×G is constant on G and hence represents a single element of A ⊂ A ⊗ C(G), as
ϕ = ϕ1 : C(G)→ A was assumed to be equivariant;
• ψ is G-equivariant with respect to the G-action on C([0, 1] ×G,A) defined by
(h ⊲ ζ)(t, g) = h ⊲ ζ(t, gh).
In other words, ψ is the desired equivariant map C(G)→ A⊛ C(G). 
Equipped with Lemma 2.2, we can find counterexamples to the Type 2 conjecture.
Theorem 2.3 Let H be an infinite-dimensional, separable Hilbert space and set A = B(H)⊗C(S1).
If ∆ : C(S1)→ C(S1)⊗C(S1) denotes the comultiplication, then define a coaction δ : A→ A⊗C(S1)
by δ = id ⊗ ∆. This coaction is free, and there is an equivariant, unital ∗-homomorphism ψ :
C(S1)→ A⊛δ C(S
1), so Conjecture 1.2 Type 2 fails.
Proof First, there is an equivariant map ϕ = ϕ1 : C(S
1) → A defined by φ(f) = 1 ⊗ f . Because
C(S1) is the universal C∗-algebra generated by a single unitary character χ : z 7→ z, the map ϕ1 is
determined by ϕ1(χ) = 1⊗χ. The unitary group U(H) with the norm topology is simply connected
by Kuiper’s theorem ([14]), so the unitary group U(A) ∼= U(C(S1, B(H))) ∼= C(S1, U(H)) is path
connected. Let ut, t ∈ [0, 1] be a continuous path of unitaries in A connecting u1 = I ⊗ χ to
u0 = I ⊗ 1, and define a continuous path of unital ∗-homomorphisms ϕt : C(S
1) → A by ϕt(χ) =
ut. Because ϕ0 is just a one-dimensional representation, we may apply Lemma 2.2, guaranteeing
freeness of the coaction on A and existence of an equivariant map C(S1)→ A⊛δ C(S
1). 
To see the result of the above proof more explicitly, note that the final equivariant map ψ :
C(S1)→ A⊛δ C(S
1) = (B(H)⊗ C(S1))⊛δ C(S
1) is determined by
ψ(χ)[t] = ut ⊗ χ, t ∈ [0, 1],
so its general form is given by
ψ(f)[t] = f(ut ⊗ χ), t ∈ [0, 1],
where f is applied using the continuous functional calculus. As before, χ ∈ C(S1) is the generator
χ(z) = z, u1 = I⊗χ, u0 = I⊗1, and ut is a continuous path of unitaries. The boundary conditions
of the equivariant join are satisfied because
ψ(f)[0] = f((I ⊗ 1)⊗ χ) = (I ⊗ 1)⊗ f ∈ C⊗ C(S1)
and
ψ(f)[1] = f((I ⊗ χ)⊗ χ) = f(δ(I ⊗ χ)) ∈ C∗(δ(A)) = δ(A).
We have used the fact that δ is a unital ∗-homomorphism. If δ∆ denotes the coaction on A⊛δ C(S
1)
given by applying id ⊗ ∆ : A ⊗ C(S1) → A ⊗ C(S1) ⊗ C(S1) at each t ∈ [0, 1], then ψ is (∆, δ∆)
equivariant. Indeed, the equations ∆(χ) = χ⊗ χ and
(id⊗∆)(ψ(χ)[t]) = (id⊗∆)(ut ⊗ χ) = ut ⊗ χ⊗ χ = ψ(χ)[t]⊗ χ
show that the unital ∗-homomorphisms δ∆ ◦ ψ and (ψ ⊗ id) ◦∆ agree on χ, the generator of the
domain C(S1).
Theorem 2.3 leads to a wider class of counterexamples to Conjecture 1.2 Type 2. First, we
make the following easy observation.
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Lemma 2.4 If Conjecture 1.2 Type 2 fails for the compact groups Gi, i ∈ I, then it fails for the
product G =
∏
I Gi.
Proof According to Lemma 2.2, the hypothesis ensures the existence of free actions of Gi on
C∗-algebras Ai together with equivariant morphisms ϕi : C(Gi) → Ai that are contractible to
one-dimensional representations of C(Gi), respectively.
Now we can apply Lemma 2.2 again in the opposite direction, using the C∗-algebra A =
⊗
I Ai
(universal tensor product) with the obvious tensor product coaction by
C(G) ∼=
⊗
I
C(Gi)
and the equivariant map
ϕ =
⊗
I
ϕi : C(G)→ A.
The contractibility of ϕ follows from that of the individual ϕi. 
Failure of the conjecture for tori is then immediate.
Corollary 2.5 Conjecture 1.2 Type 2 fails for tori TI .
Proof This follows from applying Theorem 2.3 and Lemma 2.4 to S1. 
The counterexample presented in Theorem 2.3 uses a C∗-algebra which is highly non-nuclear,
but this can be avoided.
Theorem 2.6 There is a counterexample to Conjecture 1.2 Type 2 for which H = C(S1) and A is
a unital, separable, nuclear C∗-algebra.
Proof Let B be a unital, separable, nuclear C∗-algebra with K0(B) ∼= {0} ∼= K1(B), such as the
Cuntz Algebra O2 [6, Theorems 3.7 and 3.8]. Since the K-groups of B are trivially torsion free
and the commutative C∗-algebra C(S1) is certainly in the bootstrap class, the Ku¨nneth formula [5,
Theorem 23.1.3] shows that K1(B ⊗ C(S
1)) ∼= (K0(B)⊗K1(C(S
1)))⊕ (K1(B)⊗K0(C(S
1))) ∼= {0}.
Let χ ∈ C(S1) denote the standard generating character and fix n such that there is a path of
unitaries in Mn(B⊗C(S
1)) connecting (1⊗χ)⊕ In−1 to In. Since the matrix unitary group Un(C)
is path connected, it follows that I1⊕ (1⊗χ)⊕ In−2, I2⊕ (1⊗χ)⊕ In−3, . . . , In−1⊕ (1⊗χ) are also
connected to the identity, as is their product
n⊕
i=1
1 ⊗ χ. That is, in the separable, unital, nuclear
C∗-algebra A := B⊗C(S1)⊗Mn(C), v1 := 1⊗χ⊗ In is connected via a path of unitaries vt to the
identity element v0.
Let S1 act on A via rotation in the C(S1) tensorand, so that v1 is a χ-eigenvector for this action.
Then
φt : χ ∈ C(S
1) 7→ vt ∈ A
defines a continuous path of morphisms. Since χ and v1 are χ-eigenvectors in C(S
1) and A, re-
spectively, φ1 is equivariant. Further, φ0 is a 1-dimensional representation since v0 is the identity
element. Therefore, the conditions of Lemma 2.2 are satisfied, and the counterexample follows. 
Despite the above counterexamples, there are some circumstances under which Type 2 of
Conjecture 1.2 holds. See for example [11, Corollary 2.7], in which the authors show that Type 2
holds for the compact quantum group C(SUq(2)) acting on its iterated joins, based on a general
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result about finite-dimensional representations. In a different vein, the next theorem is dual to the
following topological argument: an equivariant map X ∗ G → G is automatically surjective, and
X ∗G is connected, so such a map cannot exist if G is disconnected. To adapt this picture to the
fully noncommutative setting (when neither A nor H is abelian), note that a compact group G is
disconnected precisely when it admits a nontrivial finite quotient G→ L. In turn, this corresponds
to an embedding C(L) → C(G) of a finite-dimensional Hopf C∗-algebra into that of G. For this
reason, we regard such an embedding in the quantum case as an analogue of disconnectedness.
Theorem 2.7 Suppose a compact quantum group H admits an equivariant embedding K →֒ H of a
nontrivial compact quantum group (K,∆) whose underlying Hopf C∗-algebra is finite-dimensional.
Then Conjecture 1.2 Type 2 holds for any free coaction δ : A→ A⊗H.
Proof Suppose we have an H-equivariant map ψ : H → A ⊛δ H. The image of K must be
contained in ⊕
ρ
(A⊛δ H)ρ ⊂
⊕
ρ
(C([0, 1], A ⊗H))ρ (8)
as ρ ranges over the irreducible K-comodules. Since the H-coaction in (8) is the regular one on
the H-tensorand, the right hand side of (8) is simply C([0, 1], A ⊗K).
Since K is a finite-dimensional Hopf C∗-algebra, there exists a counit ε : K → C. Applying ε
to the K tensorand of
ψ(K) ⊂ C([0, 1], A ⊗K)
yields a path ψt : K → A of C
∗-algebra morphisms such that ψ1 is H-equivariant while ψ0 takes
values in C ⊂ A.
Now, K is a finite-dimensional C∗-algebra, and hence it has a C-basis consisting of finite-order
unitaries. Moreover, H-equivariance ensures that for some finite-order unitary u ∈ K, the element
ψ1(u) ∈ A is not a scalar. But then the spectrum of ψ1(u) is a non-trivial finite subgroup of S
1,
and the continuity of the spectrum for the norm topology on the unitary subgroup of A implies
that ψ1(u) cannot be connected by a path to ψ0(u) ∈ C ⊂ A. We have reached a contradiction, so
there can be no equivariant map ψ. 
Restricting our attention once again to the commutative case H = C(G), we know from
Theorem 2.7 that there are no counterexamples to Type 2 for which G has a nontrivial finite
quotient group, so G must be connected to produce a counterexample. Further, there are coun-
terexamples for all tori G = TI , which of course are path connected, from Corollary 2.5.
Question 2.8 If G is a compact, abelian, (path) connected group, must a Type 2 counterexample
exist for H = C(G)?
A compact abelian group G is connected if and only if its discrete abelian Pontryagin dual Γ = Ĝ
is torsion-free ([12, Corollary 7.70]). Pontryagin duality is expressed in the identity C(G) ∼= C∗(Γ),
and for any discrete group Γ, abelian or not, there is a natural way to make C∗(Γ) into a compact
quantum group using the comultiplication
∆ :
∑
aγγ ∈ C
∗(Γ) 7→
∑
aγ γ ⊗ γ ∈ C
∗(Γ)⊗ C∗(Γ).
We will see below that the analogue of Question 2.8 in the discrete torsion-free (non-abelian)
setting can be resolved in the negative. That is, there are compact quantum groups of the form
C∗(Γ) with torsion-free non-abelian Γ for which Conjecture 1.2 Type 2 holds. Moreover, the groups
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Γ in question will be amenable, so that there will be no ambiguity regarding which C∗ completion
C∗(Γ) we are considering.
Let n ≥ 2 be a positive integer, and equip the torus Tn ∼= Rn/Zn with an automorphism σ
regarded simultaneously as an element of SL(n,Z) fixing the lattice Zn ∼= π1(T
n). Throughout
the rest of Section 2 we assume that σ is hyperbolic, i.e. its eigenvalues as an element of SL(n,Z)
have absolute value not equal to 1. For background on hyperbolic automorphisms on smooth
manifolds we refer to [1, Chapter 6]; in reference to the eigenvalue condition on σ, see in particular
[1, Definition 6.3 and Exercise 6.2]. Hyperbolicity also implies that σ is expansive in the sense that
there is an ε > 0 such that
Tn ∋ x 6= y ⇒ supn∈Z d(σ
n(x), σn(y)) > ε (9)
for any distance function d on the torus (see e.g. [1, Definition 5.5]).
Now, σ induces an automorphism σˆ on the Pontryagin-dual lattice Zn ∼= T̂n, allowing us to
construct the extension Zn ⋊σˆ Z.
Lemma 2.9 If σ as above is hyperbolic, then Zn ⋊σˆ Z is amenable and torsion-free.
Proof First, Zn ⋊σˆ Z is certainly amenable, as it is an extension of two abelian groups. Writing a
generic nonzero element x of Zn ⋊σˆ Z as yσ
l for some
(0, 0) 6= (y, l) ∈ Zn × Z,
the kth power of x is
(y + σly + · · ·+ σl(k−1)y)σlk.
This element is nontrivial, as for nonzero l, σl ∈ SL(n,Z) has no root-of-unity eigenvalues. 
Since Zn ⋊σˆ Z as above is torsion-free, the compact quantum group C
∗(Zn ⋊σˆ Z) does not fit
within the framework of Theorem 2.7. However, Conjecture 1.2 Type 2 still holds for C∗(Zn⋊σˆ Z).
Theorem 2.10 Let Zn⋊σˆZ be as in Lemma 2.9. Then Conjecture 1.2 Type 2 holds for the compact
quantum group C∗(Zn ⋊σˆ Z).
Proof Let Γ := Zn⋊σˆ Z, and suppose a counterexample does exist for C
∗(Γ), in the form of a free
coaction δ : A→ A⊗ C∗(Γ) and an equivariant morphism
ψ : C∗(Γ)→ A⊛δ C
∗(Γ).
Regard ψ as a path ψt, t ∈ [0, 1], as in (2), and consider the C
∗-subalgebra C∗(Zn) ∼= C(Tn) of
C∗(Γ). Restricting ψt produces a path of equivariant morphisms φt : C(T
n) → A ⊗ C(Tn), where
C(Tn) acts on the right tensorand of the codomain. The boundary conditions
Ran(φ0) ⊆ C⊗ C(T
n) and Ran(φ1) ⊆ (A⊗ C(T
n)) ∩ δ(A) ⊂ B ⊗ C(Tn)
are also satisfied, where B is the closed direct sum of the isotypic subspaces of A corresponding
to Zn ⊂ Γ. Applying the counit to the right tensorand produces a path of morphisms C(Tn) → A
connecting a character C(Tn) → C to an equivariant morphism C(Tn) → B, which must be injec-
tive. To show injectivity, we may first factor through the commutative range C∗-algebra to obtain
C(Tn) → C(X) →֒ B. Then we note that because the original morphism is equivariant, there is a
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corresponding coaction of C(Tn) on C(X), i.e. an action of Tn on X. Finally, any equivariant con-
tinuous map X → Tn is surjective by direct examination of an orbit, so any equivariant morphism
C(Tn)→ C(X) is injective.
The joint spectrum of the images of the n unitary generators of C∗(Zn) ∼= C(Tn) changes along
a path spt, t ∈ [0, 1] (continuous in the Hausdorff topology on closed subsets of T
n) from a singleton
sp0 = {p} to sp1 = T
n. Moreover, because all of the homomorphisms are restrictions from C∗(Γ),
all of the spectra spt are σ-invariant. The eigenvalues of σ as an element of SL(n,Z) have absolute
values not equal to 1, ensuring via the expansivity condition (9) the existence of some r > 0 such
that the orbit of any non-trivial element of the open ball Br(p) (in the standard Euclidean metric
on Tn ∼= Rn/Zn) under Z intersects the complement of Br(p). On the other hand, for small t the
spectrum spt will be contained in the open ball Br(p), which is a contradiction. 
3 Type 1: Reductions and Possible Approaches
Corollary 2.4 of [17] implies that Type 1 of Conjecture 1.2 holds when H = C(G) for G a compact
group with a nontrivial torsion element. Here we show a reduction of the remaining classical
case H = C(G), with some comments on how it might be proved. The problem reduces easily
to subgroups of G, so we may certainly assume our compact torsion-free G is abelian, and it is
well-known that a copy of Zp = lim←−Z/p
n, for some prime p, embeds into G. We include a proof in
order to glean some information about the Pontryagin dual.
Proposition 3.1 Suppose G is a nontrivial compact, torsion-free, abelian group, and fix any non-
trivial character 1 6= τ ∈ Ĝ. Then there is an embedding of Zp into G for which the restriction of
τ to Zp is nontrivial.
Proof First, we may replace G with the compact subgroup H generated by a single element g
with τ(g) nontrivial. Every character on H is uniquely determined by its value at g, and hence the
Pontryagin dual Ĥ = Γ can be identified with a subgroup of the discrete circle group S1. Since H
is torsion-free, Γ has no nontrivial finite quotients. The Pontryagin dual of Zp is the group Z/p
∞
of roots of unity whose orders are powers of p, so it suffices to prove that there is a surjection
Γ→ Z/p∞ which does not annihilate τ |H .
Regarded as a discrete abelian group, S1 is the direct sum of one copy of Z/p∞ for each prime
p, as well as continuum many copies of Q:
S1 ∼=
⊕
p
(Z/p∞)⊕Q⊕2
ℵ0
. (10)
Since Γ embeds into S1, τ |H has nontrivial image under a map from Γ to one of the summands in
(10). There are now two cases to consider.
(1) A morphism Γ → Z/p∞ does not annihilate τ |H . Since Γ has no nontrivial finite
quotients, and there are no proper infinite subgroups of Z/p∞, we obtain the desired surjection
Γ→ Z/p∞.
(2) A morphism Γ → Q does not annihilate τ |H . If necessary, we may rescale Q so that
τ |H is not mapped into Z. We then have a map
Γ→ Q/Z ∼=
⊕
p
(Z/p∞)
which does not annihilate τ |H . By selecting an appropriate summand, we can now continue as in
case (1), completing the proof. 
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An embedding Zp →֒ G provides a reduction of Conjecture 1.1 and the classical subcase of
Conjecture 1.2 Type 1.
Lemma 3.2 If Conjecture 1.1 holds for the compact groups Zp for all primes p, then it holds in
general. Similarly, if Conjecture 1.2, Type 1 holds for all H = C(Zp), then it holds whenever
H = C(G) for some nontrivial compact group G.
Proof LetX, G, A, andH = C(G) be as in Conjecture 1.1 and Conjecture 1.2. IfG has a nontrivial
torsion element, then the conjectures already hold by [20, Corollary 3.1] and [17, Corollary 2.4].
Otherwise, a G-equivariant map X ∗G→ X restricts to a Zp-equivariant map X ∗Zp → X for some
subgroup Zp ≤ G provided by Proposition 3.1. Similarly, a G-equivariant morphism A→ A⊛C(G)
restricts to a G-equivariant morphism A → A ⊛ C(Zp), where we note that the classical join and
equivariant join are equivariantly isomorphic because of (6). 
As in [17, Lemma 2.5], one way to approach the Type 1 conjecture is by iterating any proposed
equivariant map A→ A⊛ C(Zp) with its joins A⊛ C(Zp)→ A⊛ C(Zp)⊛ C(Zp), etc., producing a
chain
A→ A⊛ C(Zp)→ A⊛ C(Zp)⊛ C(Zp)→ A⊛ C(Zp)⊛ C(Zp)⊛ C(Zp)→ . . . (11)
of equivariant maps. Compositions then give
A→ A⊛ C(Zp)⊛ C(Zp)⊛ · · ·⊛ C(Zp) ∼= A⊛ C(Z
∗n
p ) ∀n
with equivariant quotients
A→ C(Z∗np ) ∀n. (12)
Freeness of a Zp-action on A implies that the saturation condition of Proposition 2.1 (or, as
Zp is abelian, the condition described in [18, §5]) is met; that is, for any character τ ∈ Ẑp and
eigenspace Aτ , 1 ∈ AτA∗τ . Therefore, there is a finite m and a list f1, . . . , fm, g1, . . . , gm ∈ Aτ such
that
∑m
i=1 fig
∗
i is invertible in A. The images of these functions under (12) then show that if an
equivariant map A→ A⊛ C(Zp) is assumed, then for this fixed m, and for all n, there is a list of m
τ -eigenfunctions in C(Z∗np ) with no common zeroes. It would suffice to show that for some n much
larger than m, this cannot happen. However, unlike in the torsion case, it is not obvious if such a
contradiction actually occurs. It is therefore prudent to study the constraints of equivariant maps
Z∗np → C
m \ {0}, where Zp acts on C
m through a particular character, as n increases. This may be
recast as a question about actions of finite groups.
Lemma 3.3 Suppose G = lim←−Gα is a filtered limit of compact groups, with a matching limit
X = lim←−Xα of compact Hausdorff spaces indexed by the same filtered poset. The ordering is such
that α ≥ β implies that there exist maps Xα → Xβ and Gα → Gβ . Further, assume that each Gα
acts continuously on Xα so that the diagram
Gα ×Xα
Xα
Xβ
Gβ ×Xβ
(13)
commutes for all α ≥ β. Let E be a finite-dimensional unitary representation of a fixed Gβ . Further,
let G and Gα, α ≥ β, also act on E through the quotient maps πβ : G→ Gβ and παβ : Gα → Gβ ,
respectively. Then for any continuous G-equivariant map f : X → E and ε > 0, there exist an
α ≥ β and a continuous Gα-equivariant map fα : Xα → E such that ‖f − fα ◦ πα‖∞ < ε.
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Proof Approximation by arbitrary functionsXα → E follows from the Stone-Weierstrass Theorem:
the complex-valued, continuous functions on X that factor through some Xα (where the choice of
α may depend on the function) form a complex unital ∗-algebra that separates points, because
X = lim
←−
Xα. It follows that for any ε > 0, we can find some ψα : Xα → E for which
‖f − ψα ◦ πα‖∞ < ε, (14)
and we may also assume α ≥ β. If µ denotes the Haar measure on G, then the averaging procedure
ϕ 7→ ϕ ⊳ µ :=
∫
G
gϕ(g−1•) dµ(g) ∈ C(X,E)
produces G-equivariant maps, does not increase supremum norms, and fixes f (because f is already
G-equivariant). In conclusion, applying ⊳µ to (14) produces
‖f − (ψα ◦ πα) ⊳ µ‖∞ < ε.
Because α ≥ β and the G-action on E factors through πβ, (ψα ◦ πα) ⊳ µ must factor through πα as
a composition fα ◦ πα. It follows that fα is Gα-equivariant and ‖f − fα ◦ πα‖∞ < ε. 
The assumptions of Lemma 3.3 are frequently satisfied when G is a pro-p group, such as Zp,
as any finite-dimensional unitary representation E of G will factor through one of the p-group
quotients Gα, such as Z/p
k. The role of Xα may then be played by an iterated join of Gα, whose
inverse limit is the iterated join of G. Moreover, following the techniques of Dold in [9], if we fix
a primitive pk root of unity ω and note that the iterated join (Z/pk)∗2n is (2n − 2)-connected, it
follows that there is a map S2n−1 → (Z/pk)∗2n which is equivariant for the rotation action ~z 7→ ω~z
on the sphere and the diagonal action of Z/pk on its iterated join.
Having replaced the relevant domain of an equivariant map with a sphere, we may also view
the unit sphere S2m−1 ⊂ Cm \ {0} as the codomain through scaling, leading us to the following
question.
Question 3.4 For positive integers k, r, m, and n with k > r, let Z/pk act on the sphere S2n−1
freely through multiplication by e2pii/p
k
and non-freely on the sphere S2m−1 through multiplication
by e2pii/p
r
. Call an equivariant map S2n−1 → S2m−1 for these actions a (pk, pr)-map.
Fix m. Do there exist n and r such that for all k > r, (pk, pr)-maps S2n−1 → S2m−1 do not exist?
If for all m ≥ 2 and primes p, the answer to Question 3.4 is yes, then the Type 1 conjecture
immediately follows, so resolution of Question 3.4 is one possible approach to the conjecture. These
types of questions have been studied, but to our knowledge no tight dimension bounds have been
published that apply for large k. Precise bounds have been found for k = 2, r = 1, and scale
information is known as k →∞. We follow the notation of [15]:
vp,k(n) = min{m ∈ Z
+ : there exists a (pk, p)-map S2n−1 → S2m−1}.
Theorem 4.8 of [15] states that for any odd prime p, vp,2(1) = 1 and⌈
n− 2
p
⌉
+ 1 ≤ vp,2(n) ≤
⌈
n− 2
p
⌉
+ 2 for n 6≡ 2 mod p
vp,2(n) =
⌈
n− 2
p
⌉
+ 2 for n ≡ 2 mod p.
(15)
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Similar bounds for p = 2 may be found in [19]; the case p = 2 is unique, as the usual Z/2 antipodal
action exists on even spheres as well as odd. Moreover, Theorem 5.5 of [15] is equivalent to the
claim that
lim
n→∞
vp,k(n)
n
=
1
pk−1
, (16)
so for large spheres S2n−1, there is a large gap between n and the smallest m with (pk, p)-maps
S2n−1 → S2m−1, roughly n/m ≈ pk−1. This does not answer Question 3.4 for r = 1, as this behavior
might only manifest in large dimension, and the number dual to vp,k for fixed codomain,
wp,k(m) = max{n ∈ Z
+ : there exists a (pk, p)-map S2n−1 → S2m−1}, (17)
might remain bounded in k. It is also known from [2, Theorem 1.2] that
vp,k(n) ≥
⌈
n− 1
pk−1
⌉
+ 1, (18)
so boundedness of the set {wp,k(m)}k∈Z+ for individual m could follow, for instance, if the constant
term 1 in (18) can be replaced with an unbounded, sublinear function of n alone.
Even if Question 3.4 has a negative answer, it is possible that the Type 1 conjecture may still
hold. In what follows, we consider a related approach that is less demanding than Question 3.4.
Proposition 3.5 Conjecture 1.1 and the classical subcase H = C(G) of Conjecture 1.2 Type 1 are
equivalent.
Proof We follow the idea of [17]. Conjecture 1.2 Type 1 implies Conjecture 1.1, so assume that
Conjecture 1.2 Type 1 fails for H = C(G). By Lemma 3.2 there is then a free action α of Zp on a
unital C∗-algebra A and an equivariant morphism A → A ⊛ C(Zp). This implies that the largest
commutative quotient A։ B is nontrivial, and the action α descends to an action β on B. From
examination of spectral subspaces, we see that β is free. The composition A → A ⊛ C(Zp) ։
B⊛ C(Zp) descends to an equivariant morphism B → B⊛ C(Zp), as the codomain is commutative.
This is dual to an equivariant map X ∗ Zp → X for the corresponding free action of Zp on X 6= ∅,
so Conjecture 1.1 also fails. 
Question 3.6 Suppose X is a compact Hausdorff space with a free action of Zp. Equip Z
∗n
p with
the diagonal action and take the direct limit Z∗∞p , with the diagonal action as well. Is it possible
for an equivariant map Z∗∞p → X to exist?
If the answer is always no, then the Type 1 conjecture follows, as the topological iteration dual
to (11) takes an equivariant map X ∗ Zp → X and produces a chain
· · · → X ∗ Zp ∗ Zp → X ∗ Zp → X,
which gives equivariant maps Z∗np → X for all n. Similar to [17, Alternative Proof B], these maps are
consistent with the inclusions of Z∗np into Z
∗n+1
p = Zp ∗Z
∗n
p , so they extend to an (equivariant) map
Z∗∞p → X, which would give a contradiction based on the assumed negative answer to Question 3.6.
Because Z∗∞p is a non-compact Tychonoff space, its Stone-Cˇech compactification βZ
∗∞
p exists.
Now, βZ∗∞p is supplied with a not necessarily continuous diagonal action of Zp, as seen by following
the universal property of the Stone-Cˇech compactification under each individual homeomorphism
x 7→ x · g. Any equivariant map Z∗∞p → X extends to the Stone-Cˇech compactification, dual to a
morphism C(X)→ Cb(Z
∗∞
p ). Perhaps this is ruled out by limitations on the spectral subspaces.
Question 3.7 Consider C(βZ∗∞p ) = Cb(Z
∗∞
p ) with the (not necessarily continuous) diagonal action
of the compact group Zp. For some τ ∈ Ẑp, does it hold that 1 6∈ Cb(Z∗∞p )
∗
τ Cb(Z
∗∞
p )τ?
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4 Correction of the Literature
In a previous version of this manuscript, we proposed a solution to Type 1 of Conjecture 1.2 using
Claim 2.6 of [8], which we repeat here.
Claim 4.1 ([8] Claim 2.6, Erroneous) Let q ≥ 2 be a prime power, d ≥ 1 an odd integer, and
N = (q − 1)(d + 1). For a group G of order q, let E be a unitary G-representation of (complex)
dimension N/2 with no trivial subrepresentations. Then every G-equivariant map G∗(N+1) → E
has a zero. 
We are grateful to Robert Edwards for pointing out to us that this claim is incorrect. Namely,
the proof given in [8] only concerns the case G =
k⊕
i=1
Z/p, and for G = Z/pk the result fails with a
counterexample that may be found by modifying [21, p. 153-154] (due to Floyd).
For m ≥ 2, define a (pk, p)-map f on S2m−1 in polar form by
f : (z1, . . . , zm) = (r1u1, . . . , rmum) ∈ S
2m−1 7→ (r1u
pk−1
1 , . . . , rmu
pk−1
m ) ∈ S
2m−1,
so that f has degree pm(k−1). Since this degree is a multiple of pk, f may be modified along
its free orbits to produce a (pk, p)-map h : S2m−1 → S2m−1 which is homotopically trivial. Let
X = S2m−1 ∗ Z/pk and equip X with the free diagonal action of Z/pk, so that the homotopically
trivial map h produces a (pk, p)-map from X to S2m−1. Further, X is (2m − 1)-connected, so
there is an equivariant map (Z/pk)∗2m+1 → X, which may be constructed cell-by-cell as in [9].
Composition of these maps gives a (pk, p)-map (Z/pk)∗2m+1 → S2m−1.
Finally, if m ≥ 2 and E = Cm is equipped with the representation of Z/pk through an order p
character, there is an equivariant map (Z/pk)∗2m+1 → E \ {0}. Since E has no trivial subrepresen-
tations, this produces many counterexamples to the claim, such as for p = 2, k = 2, q = 4, m = 3,
d = 1, N = 6. Moreover, Claim 4.1 is actually inconsistent with results in [15] and [19], and a rea-
sonably explicit construction of a (4, 2)-equivariant counterexample may be found by manipulating
[13, Example 5.1], which produces a (4, 2)-map S3 → S2 and consequently a (4, 2)-map S3 → S3
which is homotopically trivial.
The main issue with Claim 4.1 can be traced back to the proof in [8] for elementary abelian
p-groups, making it clear how this proof fails to apply to other classes of p-groups (and specifically
to G = Z/pk, the case we are interested in here). The line of reasoning followed in [8] translates
Claim 4.1 into the language of the equivalent [8, Claim 4.9], which in our case demands the following.
Claim 4.2 (Erroneous) Let G = Z/pk, χ a character of G with kernel Z/pk−1, and E = χ⊕
N
2
for N as in Claim 4.1. Then the top Chern class of the bundle on G∗(N+1)/G associated to E is
non-vanishing. 
However, examining the proof following [8, Claim 4.9], we see that in fact the Chern class in
question is (pk−1y)
N
2 in the cohomology ring
H∗(Z/pk,Z) ∼= Z[y]/(pky), deg(y) = 2.
For k ≥ 2 and N ≥ 2 this vanishes because pk divides (pk−1)
N
2 . In conclusion, we have the following
strong negation of Claims 4.1 and 4.2, preserving the notation and conventions therein.
Proposition 4.3 Let q and N be as in Claim 4.1, where q is not prime. Then for an order-p
character χ of Z/q, there exists a nowhere-vanishing (Z/q)-equivariant map (Z/q)∗(N+1) → χ⊕
N
2 .
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